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Abstract. We study expansivity and the shadowing property for finitely generated
group actions on metric spaces. We consider the projecting and lifting problems for
actions having these properties. We prove that every expansive action with the shad-
owing property is strongly GH-stable (Gromov-Hausdorff stable). Finally, we introduce
sequential shadowing property for finitely generated group actions on metric spaces and
show that such shadowing is strong enough to imply the spectral decomposition property.
Mathematics Subject Classifications (2010): 54H20, 37B05, 37C50
Keywords:Expansivity, Shadowing, Topological Stability, Hausdorff Distance, Gromov-
Hausdorff Stability.
1. Introduction
The theory of dynamical systems deal with dynamical properties of group actions. In
more restricted case, a system is called discrete or continuous depending on whether the
group under consideration is Z or R. Although the shadowing property was originated
from the work [1] of Anosov in differentiable dynamics, it is one of the extensively studied
properties for homeomorphisms or continuous maps in topological dynamics. The under-
lying idea is to trace each approximate orbit by an actual orbit so that the behaviour of
the actual orbit reflects into the approximate one. This property plays significant role
in the numerical investigation of various modern dynamical systems occurred in different
areas of Applied Mathematics, Physics, Engineering and so on. Though the shadowing
is very strong property, mathematicians have found several important dynamical systems
satisfying the same. For instance, the tent map on the unit interval, the period doubling
map of the circle and the shift map of the shift space on two symbols satisfy this property.
Another important dynamical property in topological dynamics is widely known as ex-
pansivity. Although the expansive property of symbolic flows was recognized earlier, the
first formal introduction of this property for arbitrary homeomorphisms was done in [18]
by Utz. The book [2] can impart a great deal of knowledge to the reader on expansivity
and the shadowing property for homeomorphisms and continuous maps.
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In 1970, P. Walters proved [19] that Anosov diffeomorphisms are topologically stable,
a property in the presence of which continuous perturbations does not affect the nature
of the system. In 1971, Z. Nitecki proved [[14], p. 108] that Anosov diffeomorphisms are
expansive. In 1975, Bowen proved [[5], p. 74] that Anosov diffeomorphisms also satisfy
the shadowing property. These facts naturally guided Walters to prove [20] that expansive
homeomorphisms with the shadowing property on compact metric spaces are topologically
stable. These two results regarding topological stability are popularly known as Walters
stability theorems. In [12], authors introduced shadowing and topological stability for
Borel measures and proved that an expansive measure [13] with shadowing is topologically
stable. In [4], authors replaced the usual C0-distance with the C0-Gromov-Hausdorff
distance to define the GH-stability for homeomorphisms on a compact metric space in
the class of all homeomorphisms on possibly different compact metric space. They proved
that expansive homeomorphisms with the shadowing property on compact metric space
are GH-stable. Smale proved [17] that the non-wandering set of Anosov diffeomorphisms
can be decomposed into union of finitely many disjoint closed invariant sets on each of
which the diffeomorphism is transitive. Aoki extended this result [3] to homeomorphisms
on compact metric spaces satisfying expansivity and the shadowing property. These two
results are popularly known as Smale’s spectral decomposition theorems.
Since the dynamics of a homeomorphism on a compact metric space can be seen as
the dynamics of the corresponding induced Z-action, it is natural to try to understand
the dynamics of finitely generated group actions. One of the most interesting study on
expansive actions was published by Hurder in [10]. Although S1 does not admit expansive
homeomorphism, he was able to provide example of expansive action on S1. Recently,
authors of [7] studied properties of expansive group actions. In [16], authors introduced
the shadowing property for Zp-action and obtained sufficient conditions for a linear Zp-
action on Cm to have this property. In [15], authors extended the shadowing property
to finitely generated group actions. In [8], authors proved that finitely generated group
actions with expansivity and the shadowing property are topologically stable. In [9],
authors proved a measurable version of this result for finitely generated group actions.
Since spectral decomposition [2] is a fundamental property of a homeomorphism with
expansivity and the shadowing property, it must be interesting to investigate the validity
of such a decomposition for finitely generated group actions. In this regard, the study of
chain recurrent set is very important.
In this paper, we continue exploring the dynamics of finitely generated group actions
on compact metric spaces satisfying expansivity, the shadowing property and sequential
shadowing property. In section 2, we recall preliminaries on finitely generated group
actions required for subsequent sections. In section 3, we study the chain recurrent
set for actions satisfying the shadowing property and characterize expansivity in terms
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of existence of generators. We discuss the projecting and lifting problems for actions
satisfying expansivity as well as the shadowing property. In section 4, we introduce the
property of strong GH-stability and GH-stability for finitely generated group actions and
prove that expansive actions with the shadowing property are strongly GH-stable and
hence, GH-stable. In the final section, we introduce the property of sequential shadowing
for finitely generated group actions and prove that the phase space of any action with
the sequential shadowing property can be decomposed into finitely many closed invariant
sets on each of which the action is transitive.
2. Preliminaries
Throughout the paper, G denotes a finitely generated group with finite symmetric
generating set S = {si : 1 ≤ i ≤ n}, O(G) denotes the cardinality of G and X , Y , Z
denote metric spaces. For k ∈ N, set Gk = {g ∈ G : L(g) ≤ k}, where L(g) denotes the
length of g with respect to the generating set S. We assume that the length of the identity
element e is 0. Note that, if G is a finite group, then there exists the least k ∈ N such
that Gk+i = G, for all i ≥ 1 and if G is a countably infinite group then Gk \ Gk−1 6= φ,
for all k ∈ N.
A map Φ : G × X → X is said to be a continuous action of G on X if the following
conditions hold.
(i) Φg = Φ(g, .) is a homeomorphism, for every g ∈ G.
(ii) Φe(x) = x, for all x ∈ X , where e is the identity element of the group G.
(iii) Φg1g2(x) = Φg1(Φg2(x)), for all x ∈ X and for all g1, g2 ∈ G.
An action Φ is said to be uniformly continuous if for each g ∈ G, Φg is uniform
equivalence (i.e. both Φg and Φg−1 are uniformly continuous). We denote the set of all
uniformly continuous actions of G on X by Act(G,X). If the phase space is compact,
then continuous actions and uniformly continuous actions are the same. An action Φ is
said to be commutative if Φs ◦Φs′ = Φs′ ◦Φs for all s, s
′ ∈ S. A subset W ⊂ X is said to
be Φ-invariant if Φg(W ) ⊂W , for all g ∈ G.
An action Φ ∈ Act(G,X) is said to be expansive, if there exists a constant e > 0 such
that for any pair of distinct points x, y ∈ X , there exists g ∈ G such that d(Φg(x),Φg(y)) >
e. Such a constant e is said to be an expansive constant for Φ.
Let Φ ∈ Act(G,X) and let δ > 0. A map f : G→ X is said to be a δ-pseudo orbit for
Φ (with respect to the generating set S) if d(Φs(f(g)), f(sg)) < δ, for all s ∈ S, g ∈ G.
On the other hand, a map f : G → X is said to be δ-traced by some point x ∈ X if
d(Φg(x), f(g)) < δ, for all g ∈ G. An action Φ is said to have shadowing property (with
respect to the generating set S) if for every ǫ > 0 there exists δ > 0 such that every
δ-pseudo orbit is ǫ-traced by some point in X [15].
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Two actions Φ ∈ Act(G,X) and Ψ ∈ Act(G,X) are said to be uniformly conjugate if
there exists a uniform equivalence h : X → Y such that h ◦ Φg = Ψg ◦ h, for all g ∈ G.
The map h is called a uniform conjugacy between Φ and Ψ.
The properties of finitely generated group actions which are invariant under uniform
conjugacy are called uniform dynamical property. It is known that the shadowing property
and expansivity are uniform dynamical property.
A point x ∈ X is said to be a non-wandering point for Φ ∈ Act(G,X) if for every
non-empty open neighbourhood U of x, there exists a non-identity element g ∈ G such
that Φg(U) ∩ U 6= φ. The set of all non-wandering points is denoted by Ω(Φ). An action
Φ ∈ Act(G,X) is said to be transitive if for every pair of non-empty open sets U and V
of X , there exists a non-identity element g ∈ G such that Φg(U) ∩ V 6= φ.
A continuous onto map π : Y → X is said to be locally isometric covering map if for
each x ∈ X , there exists a neighbourhood U(x) of x such that π−1(U(x)) = ∪αUα, where
{Uα} is a pairwise disjoint family of open sets and π|Uα : Uα → U(x) is an isometry for
each α.
An isometry between (X, dX) and (Y, dY ) is an onto map i : X → Y satisfying
dY (i(x1), i(x2)) = dX(x1, x2), for all x1, x2 ∈ X . We say that X and Y are isometric
if there exists an isometry between them.
For the metric space (X, dX), define a bounded metric d
X(x, y) = min{dX(x, y), 1}.
Note that, if Φ ∈ Act(G, (X, dX)) then Φ ∈ Act(G, (X, d
X)). For A,B ⊂ X , we define
dX(A,B) =inf{dX(a, b) | a ∈ A, b ∈ B}. If A = {a} then we write ′a′ only. The Hausdorff
distance between two subsets A,B ⊂ X is given by dXH(A,B) = max { supa∈Ad
X(a, B),
supb∈Bd
X(A, b)}.
For δ > 0, a non-necessarily continuous map i : X → Y between X and Y is said to be
a δ-isometry if max{dYH(i(X), Y ), supx1,x2∈X |d
Y (i(x1), i(x2))− d
X(x1, x2)|} < δ.
3. Expansivity and the Shadowing Property
In this section, the purpose is to prove the validity of some interesting discrete dynamical
results on expansivity and the shadowing property for finitely generated group actions.
Let x, y ∈ X and δ > 0. We say that a map f : G → X is a δ-pseudo orbit of
Φ ∈ Act(G,X) from x to y if there exists distinct h, k ∈ G such that f(h) = x and
f(k) = y. Then, x is said to be δ-related to y (written as xRSδ y) if there exists a δ-pseudo
orbit of Φ from x to y. If xRSδ y for each δ > 0, then we say that x is related to y (written
xRSy). The set CRS(Φ) = {x ∈ X | xRSx} is called the chain recurrent set of Φ. An
action Φ ∈ Act(G,X) is said to be chain transitive with respect to S if xRSy for all
x, y ∈ X .
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Because of the following result we denote the chain recurrent set by CR(Φ).
Theorem 3.1. Let Φ ∈ Act(G,X). Then, chain transitivity of Φ and the chain recurrent
set of Φ are independent of the generating set.
Proof. Let S and S ′ be two generating sets of G. Since any two word norms are bi-
Lipschitz equivalent, we can choose a constant C ≥ 1 such that
|g|S′
C
≤ |g|S ≤ C|g|S′
for all g ∈ G. Let ǫ > 0 and 0 < δ < ǫ
C
be such that d(Φg(a),Φg(b)) <
ǫ
C
, whenever
d(a, b) < δ for all a, b ∈ X and g ∈ G satisfying |g|S′ ≤ C. Let f be a δ-pseudo orbit of
Φ from x to y with respect to S ′ i.e. d(Φs′(f(g)), f(s
′g)) < δ for all s′ ∈ S, g ∈ G.
Then, for any s′1, ..., s
′
C ∈ S
′, g ∈ G
d(Φs′
C
...s′1
(f(g)), f(s′C...s
′
1g)) ≤ d(Φs′C ...s′2(Φs′1f(g)),Φs′C ...s′2(f(s
′
1g)))
+ d(Φs′
C
...s′2
(f(s′1g)),Φs′C ...s′3(f(s
′
2s
′
1g)))
+ ... + d(Φs′
C
(Φs′
C−1
f(s′C−2...s
′
1g)),Φs′Cf(s
′
C−1...s
′
1g))
+ d(Φs′
C
f(s′C−1...s
′
1g), f(s
′
C...s
′
1g))
<
ǫ
C
+
ǫ
C
+ ...δ < ǫ
Thus, d(Φh(f(g), f(hg)) < ǫ for all g ∈ G, h ∈ G satisfying |h|S′ ≤ C. Since any s ∈ S
satisfies |s|S′ ≤ C, f is an ǫ-pseudo orbit of Φ from x to y with respect to S. So for any
pair x, y ∈ X , xRS
′
y implies xRSy. Therefore, if Φ is chain transitive with respect to S ′
then it is chain transitive with respect to S and we conclude that chain transitivity of Φ
is independent of the generating set.
Further, the argument implies that CRS
′
(Φ) ⊂ CRS(Φ) and in a similar manner, the
converse also holds. Therefore, we conclude that the chain recurrent set is independent
of the generating set. 
Theorem 3.2. Let Φ ∈ Act(G,X) and Ψ ∈ Act(G, Y ) be conjugate. Then, Φ is chain
transitive if and only if Ψ is chain transitive.
Proof. Let h : X → Y be a conjugacy between Φ and Ψ. Suppose that Φ is chain
transitive. Let ǫ > 0 and y1, y2 ∈ Y . Then there exists x1, x2 ∈ X such that h(x1) = y1,
h(x2) = y2. Corresponds to ǫ, choose 0 < δ < ǫ by the uniform continuity of h. By chain
transitivity of Φ, there exists a δ-pseudo orbit f : G → X for Φ from x1 to x2 satisfying
f(g1) = x1 and f(g2) = x2 for some g1, g2 ∈ G. Then, the map hf : G → Y satisfies
p(Ψs(hf(g)), hf(sg)) = p(hΦs(f(g)), h(f(sg))) < ǫ for all s ∈ S, g ∈ G. Thus, hf is
ǫ-pseudo orbit for Ψ from y1 to y2. Therefore, we conclude that Ψ is chain transitive. One
can prove the converse similarly. 
Theorem 3.3. If Φ ∈ Act(G,X), then the following statements are true
(i) CR(Φ) is closed.
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(ii) If Φ is commutative, then CR(Φ) is Φ-invariant.
Proof. (i) Let ǫ > 0 and 0 < δ < ǫ
3
be such that d(a, b) < δ implies d(Φs(a),Φs(b)) <
ǫ
3
,
for all s ∈ S. Let {xn} be a sequence in CR(Φ) such that xn converges to x. Choose
k > 0 such that d(x, xn) < δ for all n ≥ k. Since xk ∈ CR(Φ), there exists δ-pseudo orbit
f1 : G→ X from xk to xk satisfying f1(h1) = xk = f1(h2) for distinct h1, h2 ∈ G. Define
f2 : G → X by f2(g) = f1(g) if g ∈ G \ {h1, h2} and f2(g) = x if otherwise. We claim
that f2 is an ǫ-pseudo orbit from x to x.
Case 1 Let sg, g ∈ G \ {h1, h2}. Then d(Φs(f2(g)), f2(sg)) = d(Φs(f1(g)), f1(sg)) < δ < ǫ
for all s ∈ S.
Case 2 Let sg ∈ G \ {h1, h2}, g ∈ {h1, h2}. We have d(Φs(f1(g), f1(sg)) < δ for all
s ∈ S and d(Φs(f1(g)),Φs(x)) = d(Φs(xk),Φs(x)) <
ǫ
3
by the uniform continuity of
Φs. Thus, we have d(f2(sg),Φs(f2(g))) = d(f1(sg),Φs(x)) ≤ d(f1(sg),Φs(f1(g))+
d(Φs(f1(g)),Φs(x)) < ǫ.
Case 3 Let sg ∈ {h1, h2}, g ∈ G \ {h1, h2}. Then, d(Φs(f2(g)), f2(sg)) = d(Φs(f1(g), x) ≤
d(x, xk) + d(xk,Φs(f1(g))) = d(x, xk) + d(f1(sg),Φs(f1(g))) < ǫ.
Case 4 Let sg, g ∈ {h1, h2}. Then, d(f2(sg),Φs(f2(g))) = d(x,Φs(x)) ≤ d(x, xk) +
d(xk,Φs(f1(g)))+d(Φs(f1(g)),Φs(x)) = d(x, xk)+d(f1(sg),Φs(f1(g)))+d(Φs(xk),
Φs(x)) < ǫ. This completes a proof.
(ii) Let us fix p ∈ S and y ∈ Φp(CR(Φ)), then there exists x ∈ CR(Φ) such that
y = Φp(x). Let ǫ > 0 be given and δ > 0 such that d(a, b) < δ implies d(Φs(a),Φs(b)) < ǫ,
for all s ∈ S. Since x ∈ CR(Φ), there exists a δ-pseudo orbit f : G → X from x
to x. Note that Φpf : G → X is an ǫ-pseudo orbit from Φp(x) to Φp(x) and hence
Φp(CR(Φ)) ⊂ CR(Φ). Since the generating set is symmetric, CR(Φ) ⊂ Φp(CR(Φ)) for
all p ∈ S and hence Φ ∈ Act(G,CR(Φ)). 
Theorem 3.4. Let X be a compact metric space. If Φ ∈ Act(G,X) is a commutative
expansive action and Φ|CR(Φ) has the shadowing property, then CR(Φ) is isolated.
Proof. Let c be an expansive constant for Φ. For 0 < β < c
2
, choose α > 0 by the
shadowing property of Φ|CR(Φ). Further, choose 0 < γ < min{
α
2
, c
2
} such that d(x, y) < γ
implies that d(Φs(x),Φs(y)) <
α
2
, for all s ∈ S. Set U = {y ∈ X | d(y, CR(Φ)) ≤ γ} and
∩g∈GΦg(U) = UΦ. Clearly, U is compact being a closed subset of a compact metric space.
It is also easy to see that CR(Φ) ⊂ UΦ. For the reverse containment, choose y ∈ UΦ.
Since Φg(y) ∈ U for all g ∈ G, there exists xg ∈ CR(Φ) such that d(Φg(y), xg) ≤ γ,
for all g ∈ G. Thus d(Φs(xg), xsg) ≤ d(Φs(xg),Φsg(y)) + d(Φsg(y), xsg) <
α
2
+ γ < α,
for all g ∈ G and all s ∈ S. Thus, f : G → X defined by f(g) = xg forms a α-
pseudo orbit for Φ|CR(Φ). Let x ∈ CR(Φ) be a β-tracing point for f but this implies that
d(Φg(x),Φg(y)) ≤ d(Φg(x), xg) + d(xg,Φg(y)) < β + γ < c. By the expansivity of Φ, we
get that x = y and therefore UΦ ⊂ CR(Φ). Hence, CR(Φ) is isolated. 
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We now extend the concept of generators [11] for homeomorphisms to group actions
and characterize expansivity in terms of existence of generators.
Definition 3.5. A finite open cover Λ = {A1, A2, ..., An} of X is said to be
(i) generator for Φ ∈ Act(G,X) if for any family {Ug}g∈G of members of Λ, ∩g∈GΦg−1(Ug)
contains at most one point.
(ii) weak generator for Φ if for any family {Ug}g∈G of members of Λ, ∩g∈GΦg−1(Ug)
contains at most one point.
Theorem 3.6. Let X be a compact metric space and Φ ∈ Act(G,X). Then, the following
statements are equivalent
(i) Φ is expansive.
(ii) Φ admits a generator.
(iii) Φ admits a weak generator.
Proof. (i) ⇒ (ii) Suppose that Φ is expansive with expansive constant c > 0. Let β be
a finite open cover of X consisting of open balls of radius c/2 and {Bg} be an arbitrary
family of members from β. If x, y ∈ ∩g∈G(Φg−1(Bg)), then Φg(x),Φg(y) ∈ Bg, for all
g ∈ G or d(Φg(x),Φg(y)) ≤ c, for all g ∈ G. By expansivity of Φ, we must have x = y.
Hence, β is a generator for Φ.
(ii)⇒ (iii) Follows from the definition.
(iii) ⇒ (i) Let α be a weak generator for Φ and let c be the Lebesgue number for
α. Our claim is that Φ is expansive with expansive constant c. Let x, y ∈ X such that
d(Φg(x),Φg(y)) ≤ c for all g ∈ G. Since c is the Lebesgue number for α, there exists
Ag′ ∈ α such that Φg(x),Φg(y) ∈ Ag′ for each g ∈ G. Consider {Ag}g∈G such that
Ag = Ag′ for all g ∈ G. Therefore, x, y ∈ ∩g∈G(Φg−1(Ag)) which is a contradiction to our
assumption. Hence x = y and thus Φ is expansive with expansive constant c. 
The following example justifies the fact that Theorem 3.6 does not hold for non-compact
spaces.
Example 3.7. Let X = Z be the set of integers equipped with the discrete metric and
G = (Z2,+) with symmetric generating set {e1, e2, e3, e4}, where e1 = (1, 0), e2 = (0, 1),
e3 = (−1, 0) and e4 = (0,−1). Let Φ be the action generated by Φe1(x) = 1− x = Φe2(x)
for all x ∈ X. One can observe that the action is expansive. Further, the action does
not admit a generator. If possible, suppose α = {V1, V2, ...Vn} is a generator. Note that
Vj = Vj for all 1 ≤ j ≤ n and without loss of generality, we can assume that V1 is infinite.
Choose Ug = V1 to show that, if x ∈ V1 then (1 − x) /∈ V1. Similarly, we can show that
for every 2 ≤ j ≤ n and every pair of distinct points x, y ∈ V1, either (1 − x) /∈ Vj or
(1− y) /∈ Vj, which is not possible. Thus Φ does not admit a generator.
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Definition 3.8. Let Φ ∈ Act(G,X) be commutative and m be a positive integer. The m-
times self composition of Φ is the action Φm : G×X → X given by Φmg (x) = ΦgΦg...Φg(x).
The inverse of Φ is the action Φ−1 : G×X → X given by (Φ−1)g(x) = Φg−1(x).
Theorem 3.9. Let Φ ∈ Act(G,X). Then,
(i) Φ is expansive if and only if Φ−1 is expansive.
(ii) If Φm is expansive for some m ∈ Z \ {0}, then Φ is expansive.
(iii) If Φ is commutative expansive action, then Φm is expansive for all m ∈ Z \ {0}.
Proof. (i) and (ii) are easy to verify using the definition and the fact that Φmg (x) = Φgm(x)
for all g ∈ G and all x ∈ X .
(iii) Fix m, i ∈ N and h ∈ Gi. Since Φh−1 is uniformly continuous, there exists γ
h
i > 0
such that d(x, y) ≥ c implies that d(Φh(x),Φh(y)) = d(Φ
−1
h−1
(x),Φ−1
h−1
(y)) > γhi . Since
the cardinality of Gi is finite, choose γi = minh∈Gi{γ
h
i } and set γ = mini∈{1,2,...,nm}{γi}.
Thus d(x, y) ≥ c implies that d(Φh(x),Φh(y)) > γ, for all h ∈ Gnm. Let x 6= y in
X and g ∈ G such that d(Φg(x),Φg(y)) > c. Since Φ is commutative, we can write
Φg = Φsk1m1
...Φ
s
knm
n
Φsr11 ...Φs
rn
n
, for some k1, ..., kn ∈ N ∪ {0} and r1, ..., rn ∈ {0, ..., m −
1}. As sm−r11 ...s
m−rn
n ∈ Gnm, we have d(Φsm−r11 ...s
m−rn
n
Φg(x),Φsm−r11 ...s
m−rn
n
Φg(y)) > γ or
d(Φ
s
(k1+1)m
1
...Φ
s
(kn+1)m
n
(x),Φ
s
(k1+1)m
1
... Φ
s
(kn+1)m
n
(y)) > γ or d(Φm
s
k1+1
1 ...s
kn+1
n
(x),Φm
s
k1+1
1 ...s
kn+1
n
(y))
> γ. Hence, Φm is expansive with expansive constant γ. Now, use part (i) to complete
the proof. 
Recall that a point is said to be periodic under an action if the orbit of that point is
finite. Since the set of all periodic points of any expansive homeomorphism on a compact
metric space is at most countable, it is obvious to ask whether the set of all periodic
points of any expansive action is countable or not. We give an affirmative answer for
commutative action of infinite group.
Theorem 3.10. The set of all periodic points of any commutative expansive action on a
compact metric space is at most countable.
Proof. For Φ ∈ Act(G,X), set F (Φ) = {x ∈ X : Φg(x) = x for all g ∈ G}. Then, for
m ∈ {j > 1 : O(G) does not divide j}, set P (Φm) = {F (Φm) \ {F (Φk) : 1 ≤ k ≤ (m− 1)
and O(G) does not divide k}. Since F (Φm) is a finite set for all m > 0 and P (Φ) =
P (Φm) ∪ F (Φ) ⊂ ∪m∈(N\{m:O(G)|m}F (Φ
m), P (Φ) is atmost countable. To complete the
proof, it is enough to show that x is a periodic point if and only if x ∈ P (Φ). To see,
assume that x ∈ P (Φm) for some m > 0. Then, Φgm(x) = x for all g ∈ G and hence
Φsm(x) = x for all s ∈ S. Denote the set O(x) = {Φsj11
Φ
s
j2
2
... Φ
s
jn
n
(x) : ji ∈ {0, 1, m− 1}
for 1 ≤ i ≤ n}. For g ∈ G, Φg(x) = Φsk11
Φ
s
k2
2
... Φ
s
kn
n
(x) = Φsr11 Φs
r2
2
...Φsrnn (x), where
ki = tim + ri for some ti ≥ 0, ri ∈ {0, 1, ..., m− 1} and 1 ≤ i ≤ n. Thus, Φg(x) ∈ O(x)
which is a finite set. Hence the orbit of x, O(x) is finite and coincides with O(x).
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Conversely, assume that x ∈ X is a periodic point, thus the orbit of x is a finite
set. Since the order of the group is infinite, the orbit of x is finite and Φs is a uniform
equivalence, there exists m ∈ N+ such that Φsm(x) = x for all s ∈ S. Now, for any g ∈ G,
x = Φ
s
mk1
1
Φ
s
mk2
2
... Φ
s
mkn
n
(x) = Φgm(x) for some ki ≥ 0 and for all 1 ≤ i ≤ n. Thus,
x ∈ P (Φm) ⊂ P (Φ). 
Theorem 3.11. Let π : Y → X be a locally isometric covering map. Suppose that
Φ ∈ Act(G,X), Ψ ∈ Act(G, Y ) satisfy πΨ = Φπ i.e. πΨg(y) = Φgπ(y), for all y ∈ Y and
for all g ∈ G. Suppose that there exists δ0 > 0 such that for each y ∈ Y and 0 < δ < δ0,
π : Uδ(y)→ Uδ(π(y)) is an isometry. Then
(i) Φ is expansive if and only if Ψ is expansive.
(ii) Φ has the shadowing property if and only if Ψ has the shadowing property.
Proof. (i) Suppose Φ is expansive with expansive constant c. We claim that, 0 < γ <
min{c, δ0} is an expansive constant for Ψ. Let y1, y2 ∈ Y such that p(Ψg(y1),Ψg(y2)) < γ,
for all g ∈ G. Therefore, Ψg(y2) ∈ Uγ(Ψg(y1)) ⊂ Uδ0(Ψg(y1)), for all g ∈ G which implies
that d(πΨg(y1), πΨg(y2)) < γ, for all g ∈ G. Hence, d(Φgπ(y1),Φgπ(y2)) < γ, for all
g ∈ G. Since γ is expansive constant for Φ, we get that π(y1) = π(y2). In particular,
for g = e the identity element of G, y2 ∈ Uγ(y1) ⊂ Uδ0(y1) and since π is an isometry on
Uγ(y1), we get that 0 = d(π(y1), π(y2)) = p(y1, y2) or y1 = y2. Hence, Ψ is expansive with
expansive constant γ.
Conversely, suppose that Ψ is expansive with expansive constant c. Since Ψ is uni-
formly continuous, we can choose 0 < δ < δ0 such that p(y1, y2) < δ implies that
p(Ψs(y1),Ψs(y2)) < δ0, for all s ∈ S. Let 0 < γ < min{c, δ} and x1, x2 ∈ X such
that d(Φg(x1),Φg(x2)) < γ, for all g ∈ G. Choose, y1, y2 ∈ Y with π(y1) = x1,
π(y2) = x2 and p(y1, y2) = d(x1, x2) < γ < δ < δ0. If d(Φg(x1),Φg(x2)) ≤ γ for all
g ∈ G, then p(Ψs(y1),Ψs(y2)) = d(πΨs(y1), πΨs(y2)) = d(Φs(x1),Φs(x2)) ≤ γ for all
s ∈ G1. By induction on n, we can show that p(Ψg(y1),Ψg(y2)) ≤ γ for all g ∈ Gn. Thus
p(Ψg(y1),Ψg(y2)) ≤ γ for all g ∈ G and hence by expansivity of Ψ, we get that y1 = y2 or
x1 = x2. Thus, Φ is expansive with expansivity constant γ
(ii) Suppose that Φ has the shadowing property. For any 0 < ǫ ≤ δ0, the shadowing
property of Φ gives 0 < δ < ǫ such that every δ-pseudo orbit can be ǫ-traced. Let
f : G → Y be a δ-pseudo orbit for Ψ i.e. p(Ψs(f(g)), f(sg)) < δ < δ0, for all s ∈ S
and all g ∈ G. Therefore, f(sg) ∈ Uδ0(Ψsf(g)). Since π is an isometry on Uδ0(Ψsf(g)),
we get that d(πΨs(f(g)), πf(sg)) = p(Ψs(f(g)), f(sg)) < δ < δ0 or d(Φsπf(g), πf(sg)) =
p(Ψs(f(g)), f(sg)) < δ < δ0, for all s ∈ S and all g ∈ G. So, h : G → X given
by h(g) = πf(g) is a δ-pseudo orbit for Φ and hence, there exists x ∈ X such that
d(Φg(x), πf(g)) < ǫ ≤ δ0 or d(Φgπ(y), πf(g)) < ǫ ≤ δ0 or d(πΨg(y), πf(g)) < ǫ ≤ δ0 for
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some y ∈ Y and for all g ∈ G which implies p(Ψg(y), f(g)) < ǫ for all g ∈ G. Hence f(g)
is ǫ-traced by y ∈ Y .
Conversely, suppose that Ψ has the shadowing property. For 0 < ǫ ≤ δ0, the shadowing
property of Ψ gives 0 < δ < ǫ such that every δ-pseudo orbit of Ψ can be ǫ-traced. Let
f : G → X be a δ-pseudo orbit for Φ i.e. d(Φsf(g), f(sg)) < δ < δ0, for all s ∈ S
and all g ∈ G. Since π is onto map, there exists t : G → Y such that πt(g) = f(g)
and d(Φsπ(t(g)), πt(sg)) < δ or d(πΨs(t(g)), πt(sg)) < δ. Since π is an isometry on
Uδ0(Ψs(t(g))), we get that d(πΨs(t(g)), πt(sg)) = p(Ψs(t(g)), t(sg)) < δ < δ0. So, t is a
δ-pseudo orbit of Ψ. Then, there exists y ∈ Y such that p(Ψg(y), t(g)) < ǫ ≤ δ0 which
implies that d(πΨg(y), πt(g)) < ǫ ≤ δ0, for some y ∈ Y or d(Φgπ(y), πt(g)) < ǫ ≤ δ0 or
d(Φg(x), f(g)) < ǫ, for all g ∈ G. Hence f is ǫ-traced by x ∈ X . 
4. Gromov-Hausdorff Stability
In [4], authors defined the Gromov-Hausdorff distance between (X, dX) and (Y, dY ) by
dGH(X, Y ) = inf{δ > 0 | there exists δ-isometries i : X → Y and j : Y → X}.
For a finite symmetric generating set S of G and Φ,Ψ ∈ Act(G,X), the map dXS (Φ,Ψ) =
sup(s,x)∈S×Xd
X(Φs(x),Ψs(x)) is a metric.
For non-necessarily continuous map i : X → Y , Φ ∈ Act(G,X) and Ψ ∈ Act(G, Y ), we
define dYS (Ψ ◦ i, i ◦ Φ) = sup(s,x)∈S×Xd
Y (Ψs(i(x)), i(Φs(x))).
The G-Gromov-Hausdorff distance between Φ ∈ Act(G,X) and Ψ ∈ Act(G, Y ) with
respect to the generating set S is defined as
dSGH(Φ,Ψ) = inf{δ > 0 | there exists δ−isometries i : X → Y and j : Y → X such that
dYS (Ψ ◦ i, i ◦ Φ) < δ and d
X
S (Φ ◦ j, j ◦Ψ) < δ}.
The strong G-Gromov-Hausdorff distance between Φ ∈ Act(G,X) and Ψ ∈ Act(G, Y )
with respect to the generating set S is defined as
d
S
GH(Φ,Ψ) = inf{δ > 0 | there exists δ−isometry i : Y → X such that
dXS (Φ ◦ i, i ◦Ψ) < δ}.
A function d : X ×X → R is said to be a pseudo-quasimetric on X , if for every triplet
(x, y, z) of X ×X ×X following conditions hold
(i) d(x, y) ≥ 0 and d(x, x) = 0;
(ii) d(x, y) = d(y, x);
(iii) There exists a constant k ≥ 1 such that d(x, y) ≤ k[d(x, z) + d(z, y)], where k is
called the coefficient of pseudo-quasi metric.
If only (i) and (iii) hold, then d is called an asymmetric pseudo-quasi metric on X .
Theorem 4.1. Let S be a generating set of G. For Φ ∈ Act(G,X) and Ψ ∈ Act(G, Y )
following statements are true
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(i) dSGH(Φ,Ψ) =max {d
S
GH(Φ,Ψ), d
S
GH(Ψ,Φ)} and if X = Y , then d
S
GH(Φ,Ψ) ≤
dS(Φ,Ψ);
(ii) dGH(X, Y ) ≤ d
S
GH(Φ,Ψ) and dGH(X, Y ) = d
S
GH(IdX , IdY ), where IdX , IdY denote
the trivial actions on X and Y respectively;
(iii) dSGH(Φ,Ψ) ≥ 0 and d
S
GH(Φ,Φ) = 0;
(iv) dSGH(Φ,Ψ) = d
S
GH(Ψ,Φ);
(v) If Λ ∈ Act(G,Z), then dSGH(Φ,Ψ) ≤ 2[d
S
GH(Φ,Λ) + d
S
GH(Λ,Ψ)].
(vi) d
S
GH(Φ,Ψ) ≥ 0 and d
S
GH(Φ,Ψ) = 0;
(vii) If Λ ∈ Act(G,Z), then d
S
GH(Φ,Ψ) ≤ 2[d
S
GH(Φ,Λ) + d
S
GH(Λ,Ψ)].
Proof. Proof of (i), (ii), (iii), (iv) and (vi) follow from the corresponding definitions. The
proof of (vii) is similar to the proof of (v). So, we prove only (v). For fixed ǫ > 0, we can
choose δ1-isometries i : X → Z, j : Z → X and δ2-isometries k : Y → Z, l : Z → Y such
that δ1 < d
S
GH(Φ,Λ) + ǫ, δ2 < d
S
GH(Λ,Ψ) + ǫ, d
Z
S (Λ ◦ i, i ◦ Φ) < δ1, d
X
S (j ◦ Λ,Φ ◦ j) < δ1,
dZS (Λ ◦ k, k ◦ Ψ) < δ2, d
Y
S (l ◦ Λ,Ψ ◦ l) < δ2. Clearly, l ◦ i : X → Y and j ◦ k : Y → X
are (δ1 + δ2)-isometries and hence, 2(δ1 + δ2)-isometries as well. For all x ∈ X , s ∈ S, we
have
dY (Ψs(l(i(x))), l(i(Φs(x))))
≤ dY (Ψs(l(i(x))), l(Λs(i(x)))) + d
Y (l(Λs(i(x))), l(i(Φs(x))))
< δ2 + d
Z(Λs(i(x)), i(Φs(x))) + δ2
< δ1 + 2δ2 < 2(δ1 + δ2).
Hence, dYS (Ψ◦(l◦i), (l◦i)◦Φ) < 2(δ1+δ2). Similarly, one can prove that d
X
S ((j◦k)◦Ψ,Φ◦
(j ◦k)) < 2(δ1+ δ2). Therefore, d
S
GH(Φ,Ψ) ≤ 2(δ1+ δ2) < 2(d
S
GH(Φ,Λ)+d
S
GH(Λ,Ψ)+2ǫ).
Since ǫ was chosen arbitrarily, we get the result. 
Items (iii), (iv) and (v) imply that dSGH forms a pseudo-quasimetric and items (vi), (vii)
imply that the d
S
GH forms an asymmetric pseudo-quasimetric.
In this section, without loss of generality we assume that 0 < ǫ, δ, η, γ, c < 1
2
.
Definition 4.2. An action Φ ∈ Act(G,X) is said to be strongly GH-stable (resp. GH-
stable) with respect to the generating set S of G if for every ǫ > 0 there exists δ > 0 such
that for every action Ψ ∈ Act(G, Y ) satisfying d
S
GH(Φ,Ψ) < δ (resp. d
S
GH(Φ,Ψ) < δ)
there exists a continuous ǫ-isometry k : Y → X such that Φ ◦ k = k ◦Ψ.
The following result shows that strong GH-stability is independent of the generating
set.
Theorem 4.3. Let S and P be two finite symmetric generating sets of G. If Φ ∈
Act(G,X), then Φ is strongly GH-stable with respect to S if and only if Φ is strongly
GH-stable with respect to P .
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Proof. Suppose that Φ is strongly GH-stable with respect to the generating set S. Then,
for every ǫ > 0 there exists η > 0 such that for each Ψ ∈ Act(G, Y ) satisfying d
S
GH(Φ,Ψ) <
η there exists a continuous ǫ-isometry k : Y → X such that Φ ◦ k = k ◦ Ψ. Set
m =maxs∈SdP (s), where dP is the word length metric on G induced by P . Choose γ > 0
such that mγ < η. Fix δ > 0 such that dX(x1, x2) < δ implies d
X(Φg(x1),Φg(x2)) < γ for
all g ∈ GPm, where G
P
m is the set of all elements of length at most m with respect to the
generating set P .
For any s ∈ S, we can write s = p1p2...pdP (s), where dP (s) ≤ m and pi ∈ P for all
1 ≤ i ≤ dP (s). Let Ψ ∈ Act(G, Y ) with d
P
GH(Φ,Ψ) < δ. Thus, there exists δ-isometry
i : Y → X such that dXP (Φ◦ i, i◦Ψ) < δ. Since every δ-isometry is η-isometry, it is enough
to show that dXS (Φ ◦ i, i ◦Ψ) < η. Note that for all y ∈ Y , s ∈ S following holds.
dX(Φs ◦ j(y), j ◦Ψs(y))
= dX(Φp1...pdP (s) ◦ j(y), j ◦Ψp1...pdP (s)(y))
≤ dX(Φp1...pdP (s)−1(ΦpdP (s) ◦ j(y)),Φp1...pdP (s)−1(j ◦ΨpdP (s)(y)))
+ dX(Φp1...pdP (s)−2(ΦpdP (s)−1 ◦ j(ΨpdP (s)(y))),Φp1...pdP (s)−2(j ◦ΨpdP (s)−1(ΨpdP (s)(y)))
+ ... + dX(Φp1 ◦ j(Ψp2...pdP (s)(y)), j ◦Ψp1...pdP (s)(y)) < mγ < η 
Theorem 4.4. Let Φ ∈ Act(G,X) be strongly GH-stable. If Ψ ∈ Act(G,Z) is isometric
to Φ via isometry k : Z → X, then Ψ is strongly GH-stable.
Proof. Let ǫ > 0 be fixed and let δ > 0 be given for ǫ by strong GH-stability of Φ. Let
Λ ∈ Act(G, Y ) such that d
S
GH(Ψ,Λ) <
δ
2
. By Theorem 4.1, d
S
GH(Φ,Λ) ≤ 2[d
S
GH(Φ,Ψ)
+d
S
GH(Ψ,Λ)] < 2[0 +
δ
2
] = δ. Since Λ ∈ Act(G, Y ), there exists a continuous ǫ-isometry
h : Y → X such that Φ ◦ h = h ◦ Λ and hence, Ψ ◦ k−1 ◦ h = k−1 ◦ h ◦ Λ. Since k is an
isometry, one can see that k−1h : Y → X is a continuous ǫ-isometry. Hence, Ψ is strongly
GH-stable. 
Lemma 4.5. Let X be a metric space in which every closed ball is compact and Φ be
expansive with expnaisve constant c. Then, for each x ∈ X and every ǫ > 0 there is
nǫ(x) ≥ 0 such that supg∈Gnǫ(x)d
X(Φg(x),Φg(x
′)) ≤ c implies that dX(x, x′) < ǫ.
Proof. If not then there exists ǫ > 0 such that for each n ≥ 0 there exists x′n ∈ X satisfying
supg∈Gnd
X(Φg(x),Φg(x
′
n)) ≤ c and d
X(x, x′n) ≥ ǫ. Since closed ball of radius c around x
is compact, without loss of generality we may assume that x′n → x
′. Since G = ∪n≥0Gn,
we get that dX(Φg(x),Φg(x
′)) ≤ c for all g ∈ G and dX(x, x′) ≥ ǫ, which contradicts the
expansivity of Φ. 
Theorem 4.6. Let X be a metric space in which every closed ball is compact. If Φ ∈
Act(G,X) is expansive and has the shadowing property, then it is strongly GH-stable.
Proof. Let c be an expansivity constant for Φ ∈ Act(G,X) and let us fix generating set
S of G. Let ǫ > 0 be given and we choose 0 < η < 1
8
min{ǫ, c}. Let 0 < δ < η be given
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for η by the shadowing property of Φ. Let Y be a metric space and let Ψ ∈ Act(G, Y )
be such that d
S
GH(Φ,Ψ) < δ. Thus, we can choose δ-isometry i : Y → X satisfying
dXS (Φ ◦ i, i ◦Ψ) < δ.
For each y ∈ Y , set xyg = i(Ψg(y)) for all g ∈ G. So, for all g ∈ G, s ∈ S and each y ∈ Y ,
dX(xysg,Φs(x
y
g)) = d
X(i(ΨsΨg(y)),Φs(i(Ψg(y)))) = d
X(i ◦Ψs(Ψg(y)),Φs ◦ i(Ψg(y))) < δ.
Therefore by expansivity and the shadowing property, there exists a unique η-tracing
point xy of {xyg} for each y ∈ Y . In particular, d
X(Φg(x
y), xyg) <
c
2
for all g ∈ G. Define
h : Y → X by h(y) = xy satisfying dX(Φg(h(y)), i(Ψg(y))) ≤ η for all y ∈ Y , g ∈ G.
For g = e, we have dX(h(y), i(y)) ≤ η for all y ∈ Y . Then, for all y1, y2 ∈ Y , we have
|dX(h(y1), h(y2))− d
Y (y1, y2)|
≤ |dX(h(y1), h(y2))− d
X(i(y1), i(y2))|+ |d
X(i(y1), i(y2))− d
Y (y1, y2)|
≤ |dX(h(y1), h(y2))− d
X(h(y1), i(y2))|+ |d
X(h(y1), i(y2))− d
X(i(y1), i(y2))|+ δ
≤ dX(h(y2), i(y2)) + d
X(h(y1), i(y1)) + δ
≤ 2η + δ < ǫ
Further, dXH(h(Y ), X) ≤ d
X
H(h(Y ), i(Y )) + d
X
H(i(Y ), X)) ≤ η + δ < ǫ. Thus, it follows
that h is an ǫ-isometry.
For all y ∈ Y , dX(Φg(h(Ψs(y))), i(Ψg(Ψs(y)))) ≤ η, d
X(Φg(Φs(h(y))), i(Ψgs(y))) ≤ η.
Therefore, by expansivity of Φ we get that Φs ◦ h = h ◦Ψs for all s ∈ S. In other words,
we have Φ ◦ h = h ◦Ψ.
Let y ∈ Y and h(y) = x. Further, let γ > 0 and nγ(x) is the number in Lemma 4.5
corresponding to γ. Let δ > 0 be such that dY (x, y) < δ implies that dY (Ψg(x),Ψg(y)) <
η
8
for all g ∈ nγ(x). Then, for all g ∈ Gnγ(x) and y
′ ∈ Y such that dY (y, y′) < δ, we get that
dX(Φg(h(y)),Φg(h(y
′)))
= dX(h(Ψg(y)), h(Ψg(y
′)))
≤ dX(h(Ψg(y)), i(Ψg(y
′))) + dX(i(Ψg(y)), i(Ψg(y
′))) + dX(i(Ψg(y
′)), h(Ψg(y
′)))
≤ 2η + δ + dY (Ψg(y),Ψg(y
′))
≤ 3η + η
8
< c
This implies dX(h(y), h(y′)) < γ and hence, h is a continuous map. Thus, we conclude
that Φ is strongly GH-stable. 
Corollary 4.7. Every expansive action with the shadowing property on a relatively com-
pact metric space is strongly GH-stable and hence, GH-stable.
Example 4.8. Let G = 〈a, b : ba = a2b〉 be a solvable group with the symmetric generating
set S = {a, a−1, b, b−1} and let F be an expansive homeomorphism with the shadowing
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property. Let c be an expansivity constant for F . Further, assume that F−1 is a contraction
map i.e. there exists 0 ≤ K < 1 such that d(F−1(x), F−1(y)) ≤ Kd(x, y) for all x, y ∈ X.
Let Φ ∈ Act(G,X) be generated by Φa(x) = x and Φb(x) = F (x) for all x ∈ X. It is
then clear that Φ is an expansive action. Moreover, we claim that Φ has the shadowing
property.
Let ǫ > 0 be given and 2γ =min{c, ǫ}. Further, let δ > 0 be such that every δ-
pseudo orbit of F is γ-traced. Let f : G → X be a δ-pseudo orbit of Φ. Now, for
each g ∈ G, {xi = f(b
ig)}i∈Z is a δ-pseudo orbit of F . Let xg be its γ-tracing point
i.e. d(F i(xg), f(b
ig)) < γ. Since d(F i(xbg), f(b
ibg)) < γ, d(F i(F (xg)), f(b
i+1g)) < γ, we
have that d(F i(xbg), F
i(F (xg)) < 2γ ≤ c for all i ∈ Z. By expansivity of F , we have
xbg = F (xg) = Φb(xg) for all g ∈ G. Since Φa(x) = x, d(f(g), f(ag)) < δ for all g ∈ G.
Then, bia = a2
i
bi for i ≥ 1 implies that d(f(a2i−k−1big), f(a2i−kbig)) < δ for 0 ≤ k ≤ 2i.
Hence, d(f(a2ibig), f(big)) < δ(2i) for all g ∈ G. Since f(a2
i
big) = f(biag), we have
d(F i(xag), f(b
iag)) < γ and d(F i(xg), f(b
ig)) < γ for all g ∈ G, i ≥ 0. Now since, F−1 is
a contraction map, we have that d(xag, xg) ≤ K
id(F i(xag), F
i(xg)) ≤ K
i(2γ + δ(2i)) for
all i ≥ 0. As i → ∞, right hand side of the last inequality tends to zero, which implies
that xag = xg for all g ∈ G. Thus, we have that xbg = F (xg) = Φb(xg) and xag = Φa(xg)
for all g ∈ G. Therefore, d(Φg(xe), f(g)) < ǫ for all g ∈ G and hence, we conclude that Φ
has the shadowing property.
5. Sequential Shadowing Property
Smale’s spectral decomposition theorem (Theorem 3.1.11 [2]) is one of the celebrated
result in topological dynamics. Existence of such a decomposition is still not proved for
finitely generated group actions satisfying expansivity and the shadowing property. In this
section, we have introduced another variant of the shadowing property, called sequential
shadowing property which surprisingly does not need the support of expansive property
to spectrally decompose the system.
Definition 5.1. Let x, y ∈ X and δ > 0. We say that a finite sequence {x = x0, x1, ..., xk =
y}ki=0 of elements of X is a weak δ-chain of Φ ∈ Act(G,X) from x to y with re-
spect to the generating set S if there is a sequence {sxi}
k−1
i=0 of elements of S such that
d(Φsxi (xi), xi+1) < δ for 0 ≤ i ≤ (k − 1). We say that x is weakly δ-related to y (written
as xWRSδ y) with respect to S, if there is weak δ-chains from x to y and from y to x. If
xWRSδ y for each δ > 0, then x is said to be weakly related to y (written xWR
Sy) with
respect to S. Action Φ ∈ Act(G,X) is said to be weak chain transitive with respect to S
if xWRSy for all x, y ∈ X.
For δ > 0, s ∈ S and x ∈ X , the sequence {x,Φs(x), x} is a weak δ-chain of Φ ∈
Act(G,X) from x to itself i.e. xWRSx for all x ∈ X . Thus, the set WCRS(Φ) = {x ∈
X | xWRSx} = X is independent of the generating set S. It is easy to check that
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the relation WRS is an equivalence relation on WCRS(Φ) = X . Thus, we can write
X = ∪λ∈ΛB
S
λ , where B
S
λ [x] = {y : yWR
Sx} is the equivalence class containing x.
Definition 5.2. A sequence {xi}
∞
i=−∞ of elements of X is said to be δ-sequential pseudo
orbit (SPO) of Φ ∈ Act(G,X) with respect to S if there is a sequence {sxi}
∞
i=−∞ of
elements of S such that d(Φsxi (xi), xi+1) < δ for all i ∈ Z. A sequence {xi}
∞
i=−∞ is ǫ-
sequentially traced (ST) if there is x ∈ X and a sequence {gi}
∞
i=−∞ with g0 = e and gi 6= e
for all i 6= 0, such that d(Φgi(x), xi) < ǫ for all i ∈ Z. Action Φ is said to have sequential
shadowing property (SSP) if for every ǫ > 0 there is δ > 0 such that every δ-SPO is ǫ-ST
by some point in X.
In case of homeomorphisms SSP suggests us that numerically found trajectories with
uniformly small one-step forward or backward errors at each step, can be seen through a
part of real trajectory. It helps us to understand the larger class of pseudo-trajectories
by studying the original trajectories.
Theorem 5.3. Let Φ ∈ Act(G,X). Then,
(i) SSP and weak chain transitivity of Φ are independent of the generating set.
(ii) SSP and weak chain transitivity of Φ are invariant under uniform conjugacy.
Proof. (i) Let S and S ′ be two generating sets of G. Since any two word norms are bi-
Lipschitz equivalent, we can choose a constant C ≥ 1 such that
|g|S′
C
≤ |g|S ≤ C|g|S′ for all
g ∈ G. Let x, y ∈ X be such that d(Φs(x), y) < δ. If s = s
′
1s
′
2...s
′
C for s
′
i ∈ S
′, 1 ≤ i ≤ C
then, {x,Φs′
C
(x),Φs′
C−1s
′
C
(x), ...,Φs′2s′C−1s′C(x), y} forms a weak δ-chain with respect to S
′.
So, if {x0, x1, ..., xk} is weak δ-chain with respect to S, then using the same methodology
it can be extended to weak δ-chain with respect to S ′. Similarly, any δ-SPO with respect
to S can be extended to δ-SPO with respect to S ′. Therefore, we can conclude that SSP
and weak chain transitivity of Φ are independent of the generating set.
(ii) The proof of this part is easy to work out. 
Theorem 5.4. Let X be a compact metric space. The trivial action Φ ∈ Act(G,X) has
SSP if and only if X is totally disconnected.
Proof. Suppose that Φ has SSP and X has at least one non-trivial connected component
C. Let x,y be two distinct points in C and ǫ = d(x,y)
3
. Let δ be given for ǫ by SSP of Φ.
Further, let z0 = x,..., zk = y be a sequence of points from x to y so that d(zj+1, zj) < δ
for j = 0,..., k− 1. Such a chain exists by the connectedness of C. Let s ∈ S be fixed and
pi =


Φsi(x) i < 0
Φsi(zi) 0 ≤ i ≤ k
Φsi(y) i > k
Since for i = 0,..., k − 1, d(Φs(pi), pi+1) = d(ΦsΦsi(zi),Φsi+1) = d(zi, zi+1) < δ, {pi}
∞
i=−∞
is δ-SPO. Suppose {pi} is ǫ-ST by a point p ∈ X via the sequence {gi}
∞
i=−∞. Thus, by
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definition of ǫ-ST, we get that d(p, x) < ǫ and d(Φgk(p),Φspk (y)) = d(p, y) < ǫ. Then,
0 < ǫ = d(x,y)
3
≤ d(x,p)+d(p,y)
3
< 2ǫ
3
, which is absurd. So, X must be totally disconnected.
Conversely, if X is totally disconnected, then for each ǫ > 0 there exists a finite open
cover U0, ..., Um of X such that Ui ∩ Uj = φ, for i 6= j and diam(Ui) < ǫ, for each i,
j ∈ {0, 1, ..., m}. Choose δ such that 0 < δ < min{d(Ui, Uj) : i 6= j)} and choose a
δ-pseudo orbit {xi}
∞
i=−∞ of I. Then, there is Uj such that {xi}
∞
i=−∞ ⊂ Uj and hence any
point of Ui can ǫ-trace this orbit. 
Theorem 5.5. Let π : Y → X be a locally isometric covering map. Suppose that Φ ∈
Act(G,X), Ψ ∈ Act(G, Y ) satisfy πΨ = Φπ i.e. πΨg(y) = Φgπ(y), for all y ∈ Y , g ∈ G.
Further, suppose that there exists δ0 > 0 such that for each y ∈ Y and 0 < δ < δ0,
π : Uδ(y)→ Uδ(π(y)) is an isometry. Then, Φ has SSP if and only if Ψ has SSP.
Proof. The proof is similar to the proof of Theorem 3.11. 
Theorem 5.6. Let Φ ∈ Act(G,X). If xRSδ y, then xWR
S
δ y.
Proof. Let f be δ-pseudo orbit such that f(g) = x and f(h) = y for distinct g, h ∈ G.
Assume that g = g1g2...gp and h = h1h2...hq, where gi, hj ∈ S for all 1 ≤ i ≤ p,
1 ≤ j ≤ q. Since d(Φs(f(g)), f(sg)) < δ for all s ∈ S, g ∈ G, the sequence x0 =
x = f(g), x1 = f(g2...gp), x2 = f(g3...gp),..., xp−1 = f(gp), xp = f(e), xp+1 = f(hq),
xp+2 = f(hq−1h(q)),..., xp+q = f(h1...hq) forms a weak δ-chain via sequence {g
−1
1 , g
−1
2 ,...,
g−1p , hq, hq−1,...,h1} of elements of S from x to y. Similarly, we can construct a weak
δ-chain from y to x. Hence, xWRSδ y. 
Corollary 5.7. For Φ ∈ Act(G,X), transitivity implies chain transitivity implies weak
chain transitivity.
Proof. It follows from Theorem 3.1, Theorem 5.6 together with Proposition 2.8 [6]. 
Lemma 5.8. Let Φ ∈ Act(G,X), then BSλ is closed and Φ-invariant for each λ ∈ Λ.
Proof. Let ǫ > 0 and {yj} be a sequence in B
S
λ = [z] such that yj converges to y. Choose
m > 0 such that d(y, yj) < ǫ for all j ≥ m. Since ym ∈ B
S
λ , there exist weak ǫ-chains
{ym = x0, x1,...,xk−1, xk = z} and {z = x0, x1,...,xk′−1, xk′ = ym}. Fix s ∈ S, then
{y,Φs(y), ym, x1,...,xk−1, xk = z} and {z = x0, x1, ...,xk′−1, xk′ = ym,Φs(ym), y} are weak
ǫ-chains from y to z and from z to y. Hence, y ∈ BSλ and thus B
S
λ is closed for each λ ∈ Λ.
Now, Let s′ ∈ S, λ ∈ Λ, ǫ > 0. Suppose that y ∈ Φs′(B
S
λ ) = Φs′ [z] for some z ∈
X . Then, y = Φs′(x) for some x ∈ B
S
λ . Let {x = x0, x1,...,xk−1, xk = z} and {z =
x0, x1,...,xk′−1, xk′ = x} are weak ǫ-chains from x to z and from z to x. Then, {y =
Φs′(x), x = x0, x1,...,xk−1, xk = z} and {z = x0, x1,...,xk′−1, xk′ = x,Φs′(x)} are weak
ǫ-chains from y to z and from z to y. Hence, Φs′(B
S
λ ) ⊂ B
S
λ . Since s
′ and λ was chosen
arbitrary and S is symmetric, we have BSλ ⊂ Φs′(B
S
λ ). Thus, B
S
λ is Φ-invariant for every
λ ∈ Λ. 
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Theorem 5.9. If Φ ∈ Act(G,X) has SSP, then X = Ω(Φ).
Proof. Let ǫ > 0 and let δ > 0 be given for ǫ by SSP of Φ. Then, there exists weak
δ-chain x0 = x, x1,...,xk = x with sequence {sxi}
k−1
i=0 . We can extend this chain to δ-SPO
{yi}
∞
i=−∞, where yki+j = xj for all i ∈ Z, 0 ≤ j ≤ k with sequence {sxi}
∞
i=−∞, where
sxki+j = sxj for all i ∈ Z, 0 ≤ j ≤ k. Thus, by SSP there exists z ∈ X which ǫ-ST this
orbit and so we can choose non-identity element gk such that d(Φgk(z), x) < ǫ. Hence,
Φgk(Uǫ(x)) ∩ Uǫ(x) 6= φ, where Uǫ(x) = {y ∈ X : d(y, x) < ǫ}. Since ǫ was chosen
arbitrary, we have x ∈ Ω(Φ). 
Lemma 5.10. If Φ has SSP, then BSλ is open in Ω(Φ) for each λ.
Proof. We have BSλ ⊂ Ω(Φ) = WCR
S(Φ) = X . Let us fix x ∈ BSλ and δ > 0. Choose
0 < γ < δ such that d(x, y) < γ implies d(Φs(x),Φs(y)) < δ for all s ∈ S. For y ∈ B
S
λ
there is a δ-chain {x = x0,...,xk = y} with sequence {sx0 ,...,sxk} in Ω(Φ). It is enough to
show that Uγ(x) ⊂ B
S
λ . Let x
′ ∈ Uγ(x), then {x
′,Φsx0 (x
′), x0,...,xk = y} is a δ-chain with
sequence {sx0, s
−1
x0
, sx0,...,sxk}. Since x, y ∈ Ω(Φ) there is a δ-chain from {y = y0,...,yl =
x}. Hence, for any syl ∈ S, we can construct a δ-chain {y = y0,...,yl = x,Φsyl (x
′), x′}. 
Theorem 5.11. If Φ ∈ Act(G,X) is weak chain transitive having SSP, then it is transi-
tive.
Proof. The proof is similar to the proof of Theorem 5.9. 
Corollary 5.12. If Φ ∈ Act(G,X) has SSP, then
(1) Ω(Φ) = CR(Φ) = X.
(2) Φ is weak chain transitive if and only if Φ is transitive.
Proof. Proof of (1) follows from Theorem 5.9 and Lemma 2.10 [6] and proof of (2) follows
from Theorem 5.11 and Corollary 5.7. 
Theorem 5.13. Let X be a connected metric space. If Φ ∈ Act(G,X) has SSP, then it
is transitive. In addition, if X is compact then transitivity of Φ implies that Φ has SSP.
Proof. By Theorem 5.9, X = Ω(Φ) which is closed and Φ-invariant. We claim that
Φ is weak chain transitive. Let x, y be two distinct points in X and ǫ > 0. Choose
0 < δ < ǫ such that d(a, b) < δ implies that d(Φs(a),Φs(b)) < ǫ for all s ∈ S. By
connectedness, choose a sequence of points z0 = x,..., zk = y so that d(zj+1, zj) < δ
for all j = 0,..., k − 1. Let s′ ∈ S be fixed and observe that the sequence z0 =
x,Φs′(z1), z1,Φs′(z2), z2...zk−2,Φs′(zk−1), zk−1,Φs′(zk), zk = y forms weak ǫ-chain from x
to y. Similarly, we can form a weak ǫ-chain from y to x. Since ǫ was chosen arbitrary,
we get that xWRy. Thus, Φ is weak chain transitive and hence by Theorem 5.11 Φ
is transitive. The additional fact holds because transitivity implies existence of dense
orbit. 
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Theorem 5.14. Let X be a compact metric space. If Φ ∈ Act(G,X) has SSP, then X
can be written as finite union of disjoint closed Φ-invariant sets on each of which Φ is
transitive. In addition, if X is connected then the decomposition is trivial.
Proof. By Theorem 5.9, Lemma 5.10 and Lemma 5.8, X = ∪pi=1B
S
λi
= Ω(Φ) where BSλi are
closed and invariant, for all 1 ≤ i ≤ p. For given 0 < ǫ < min{d(BSλi , B
S
λj
) : 1 ≤ i, j ≤ p},
choose 0 < δ < ǫ by the SSP of Φ|Ω(Φ) = Φ. Note that every δ-SPO through Φ|BS
λi
will be
ǫ-ST through a point of BSλi , for each 1 ≤ i ≤ p. Hence Φ|BSλi
has SSP, for each 1 ≤ i ≤ p.
Since Φ|BS
λi
is weakly chain transitive with respect to S, Theorem 5.11 completes a proof
of the first part. The additional part is clear from Theorem 5.13. 
Example 5.15. Let G =< a, b : ba = anb > be a finitely generated group, λ > n > 1 and
A =
[
1 0
1 1
]
, B =
[
λ 0
0 nλ
]
Define Φ : G × R2 → R2 by Φa(x) = Ax and Φb(x) = Bx for all x ∈ R
2. Note
that any open disk of radius p
4
centred at point (p, p), for p > 0 is moved vertically
upward or downward under Φa and move only within the first quadrant without touching
any axis under Φb. Thus, under Φ such disk always move in first or fourth quadrant
without touching y-axis. Therefore, Φ cannot be transitive. By Theorem 4.4 [15] Φ has
the shadowing property and hence by Lemma 2.9 [6], Φ is not chain transitive.
Example 5.16. Let G =< a, b : ba = a2b > be a finitely generated group and m > 1 be a
fixed integer. Define Φ : G× R → R by Φa(x) = x and Φb(x) = mx for fixed m > 1. By
Example 4.8, Φ has the shadowing property. Since Φ is not transitive, therefore by Lemma
2.9 [6] it is not chain transitive. Clearly, Φ is weakly chain transitive. Thus, weak chain
transitivity need not imply transitivity or chain transitivity. Further by Theorem 5.11, Φ
does not have sequential shadowing property. Therefore, we conclude that the shadowing
property need not imply sequential shadowing property.
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